n

1 1 1 4 1 1 1 1 1
14+ 4 l+ o+ 1+ I+ 2 =1 1
+2 +2+3 +2+3+ +n +2+ +n n(n) + O(1),

and we are done.

S > lnlnn q > 1
mece Z B an Z m converge, SO
n=3 n=3

Editor’s comment: D. M. Batinetu-Giurgiu, of the “Matei Basarab” National College
in Bucharest, Romania and Neculai Stanciu, of George Emil Palade School in
Buzau, Romania, submitted two solutions to the problem. Their first solution was similar in
approach to the second solution presented above, but in their second solution they generalized
the problem as follows:

If {z,},~, and {yn},~, are sequences of positive real numbers such that:

® {yn},>; is increasing and unbounded,

. t . _
e Jt € R, such that nh_}n;cn {Yn+1— Yn}t = a € Ry,

n
. t .
[ ] = =
nhm n'z, = a exists € Ry, and 2z, kg 1 7, then

zZ

bz ~ k- Lo Jim 2.

Proof. By the Cesaro-Stolz theorem we have:

n+ 1)z, _ e _y
1-a '

CZn o Zagl —Zn Tn1 . (
hm — = hm —_— = llm — = hm 7
n—00 q n—00 1 — n—00 9 — n—00 (41
Yn Yn41 Yn Yn+1 Yn ('”T) nt(yn+1 _ yn)

|
Remark: If we take y, = lnn, h, = Z -,
ok k=1
we obtain {yn},~; ~ {zn},>; Which is problem 5257.

1 n
Tp = —Vhn, and z, = Z Zk, then by the above
n

Also solved by Bruno Sagueiro Fanego, Viveiro, Spain; Paolo Perfetti, Department
of Mathematics, Tor Vergata University, Vergata, Rome, Italy, and the proposer.

5258: Proposed by José Luis Diaz-Barrero and José Gibergans-Baguena, Polytechnical Univer-
sity of Catalonia, Barcelona, Spain

n

Let a1, a9, ..., a, be real numbers such that 1 + Z cos® oy, = n. Prove that:
k=1
n
Z tan o; tan oy < 5.

1<i<j<n

Solution 1 by Arkady Alt, San Jose, CA
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n
Let 2; =tan®;,i=1,2,...,nthen z; > 0,i =1,2,...,n,1+ 3 cos?aqp =n —

k=1
e a 5 > [tanayltanoy| = > E
=n — 1 and, since tan o; tana; < tan o;| [tan o | = T T
=11+ 5 ’ 1<i<j<n ‘ ’ 1<i<j<n ! ’ 1<i<j<n e

h i S ymE <t
then it is sufficient to prove T, < —.
1<i<j<n )

. n L
Let a; = L,l,Q,..,nthen Zai: Z <1_
1+ i=1 i=1

n 1
=n— =1 and,
1+LK¢> z; 1+ ’
a
since z; = 7 ' _.1,2,...,n our problem is:
—a;

n a;a; n
Prove inequality > — < _ fora; >0,i=1,2,...,n such
1<i<j<n V(1 —a;) (1 —a;) — 2

n

that > a; = 1.
k=1
n a;a; noo 1 a; a;
We have — < = + —
19‘%@ (I —ai) (1 - ay) 19‘%@ 2 (1 —ai  1-a

1<i<j<n i 1<i<j<n i=1
1 n—1 1 n n 1 j—1 1 1 n 1 n—1 1 n
o PSR SRTED ST Sl S O SRS D DD RO
j i j , j
2 (z:l V—ai 57, Sl-ai 2 1l-a i3 251 55,

=2 @i ;2 i=2 j —2 j=it+1 j=1
1+1n_11 aG _ . 2 _n
—1l-a 2 2°

Solution 2 by Paolo Perfetti, Department of Mathematics, Tor Vergata University,
Vergata, Rome, Italy

Proof: ~ We first note that if

ar=ag=...=ap_1 =0, a, = 7/2, the constraints of the problem are satisfied, but

Z tan «; tan oy
1<i<j<n

is undefined; so we add the assumption «; # 7/2 + 2kw, k € Z,

i=1,...,n. Both cos?z and tanz are 7-periodic so we can assume
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